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Abst rac t - -The  problem of numerical identification of the transient heat boundary coefficient for 
the one-dimensional heat equation in a finite slab under nonlinear boundary conditions is examined 
on the basis of additional information regarding the solution. After measuring the temperature and 
the heat flux at the non-active boundary, the inverse heat conduction problem is solved using a 
fully explicit and stable space marching scheme based on a finite difference implementation of the 
Mollification Method, and the transient heat boundary coefficient is then approximately determined. 
Stability bounds are derived an several numerical examples to validate the technique provided. 
1. INTRODUCTION 
In this paper, we investigate the numerical identification of the transient boundary heat trans- 
fer coefficient in a one-dimensional finite slab medium when the active surface radiates energy 
according to a known nonlinear law and is heated by a known transient boundary source. 
It is possible to estimate the surface temperature and the surface heat flux in a one-dimensional 
finite slab from measured temperature and heat flux histories at the nonactive surface. However, 
this Inverse Heat Conduction Problem (IHCP) is an ill-posed problem because small errors in 
the data might induce large errors in the computed surface heat flux history or in the computed 
temperature history solutions and, consequently, special methods are needed in order to restore 
continuity with respect o the data. In this paper, we consider initially the solution of a one- 
dimensional IHCP by a fully explicit and stable space marching finite difference implementation f 
the Mollification Method as described by Guo, Murio and Roth [1] and Hinestroza nd Murio [2]. 
The procedure allows for a direct discretization of the differential equation, and it is generated 
by automatically filtering the noisy data by discrete mollification against a suitable averaging 
kernel and then using finite differences, marching in space, to numerically solve the corresponding 
well-posed problem. Once the temperature and the heat flux transient functions have been 
approximately recovered at the active surface, it is possible to numerically attempt o identify 
the transient heat boundary coefficient if the radiation law and the transient source functions are 
known. 
The solution of this problem as an extension of space marching techniques introduced for 
solving the IHCP is, to the best of our knowledge, new. The application of inverse methods 
to the identification of transfer coefficients i  well documented. Methods based on Tikhonov's 
regularization principle were used by Kravaris and Seinfeld [3], and also by Kunish and White [4]. 
The reduction of the inverse problem to two simpler Volterra equations of the first kind, under 
certain monotone conditions on the temperature and the heat flux histories at the boundary, 
was investigated by Shchelov [5]. The sequential future temperatures method was succesfully 
implemented by Osman and Beck [6] and, more recently, Maillet, Degiovanni and Pasquetti [7] 
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utilized a boundary element echnique to approximately measure the boundary heat transfer 
coefficient on a cylinder. 
In Section 2, we define the new identification problem with data specified on a continuum 
of time and data errors measured in the L2 norm and derive rigorous stability bounds. The 
description of the numerical procedure occupies our attention in Section 3. In Section 4, we 
present he results of several computational problems of interest. In all cases, numerical stability 
and good accuracy are achieved even for small time steps and high levels of noise in the data. 
Finally, in Section 5, we include a summary and some conclusions. 
2. DESCRIPT ION OF  THE PROBLEM 
We consider a one-dimensional IHCP in a finite slab, in which the temperature and heat 
flux histories f ( t )  and q(t) on the left-hand surface z = 0 are desired and unknown, the initial 
temperature distribution,/~(z), is also unknown and the temperature and heat flux at the right- 
hand surface z = d are approximately measurable. We assume linear heat conduction with 
constant coefficients and normalize the problem by dimensionless quantities. Without loss of 
generality, we consider in all cases, d = 1. 
follows. 
The unknown temperature u(z,t) satisfies 
(a)  = 
(b) u(l,t) = F(t), 
(c) - u~(1,t) = Q(t), 
(d) u(x,O) = fl(x), 
(e) u(O,t)= f(t), 
(f) - ux(O,t) = q(t) = a(t) E(u(O,t)) -g( t ) ,  
The problem can be described mathematically as 
0<z<l ,  t>0,  
t > 0, with corresponding 
approximate data function F~(t), 
t > 0, with corresponding 
approximate data function Qe(t), 
0 < x < 1, unknown, 
t > 0, unknown, 
t > 0, unknown. 
(1) 
System (1) constitutes the usual statement of the IHCP for the one-dimensional finite slab when 
the initial temperature/~(z) is given. The nonlinear boundary condition (10, indicates that the 
active surface radiates energy at a rate proportional to c~E and is heated at a rate proportional 
to the function g. Our aim is to obtain more detailed information about the boundary condition 
at the interface z = 0. More precisely, we want to estimate the function a if E and g are known. 
We assume that all the functions involved are L2 functions in any time interval of interest and 
use the corresponding L2 norm, as defined below, to measure rrors: 
Ilfll = If(t)l 2 dt 
In this setting, it is also natural to hypothesize that the exact data functions F(t) and Q(t) 
and the measured ata functions Fe(t) and Qe(t) satisfy the L2 data error bounds 
I [F -  Fell < e and I IQ -  Q'II < c. 
It is well known that solving for f ( t )  and q(t) from F(t)  and Q(t) amplifies every Fourier 
frequency component of the error by the factor exp[w/2], -oo  < w < ¢x). This shows that 
the inverse problem is highly ill-posed in the high frequency components. See [1] for further 
discussions. 
REMARKS.  
1. Conditions (lb) and (lc) involving the measured data functions F ~ and Qe at the non- 
active surface z = 1 can be replaced by measured temperature and heat flux data functions 
at any interior point z0, 0 < x0 < 1, or by measured temperature data functions at two 
different interior points of the slab. 
2. For the simultaneous recovery of the unknown initial distribution temperature/3(x) and 
the boundary temperature and heat flux functions at the active surface x : 0 the reader 
should consult [2]. 
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3. STABILIZED PROBLEM 
The one-dimensional IHCP can be stabilized if instead of attempting to find the point values 
of the temperature function f (t)  or the heat flux function q(t), we attempt o reconstruct a
mollification of the functions f and q at time t, given by 
3"6 f(t)  = (p * f)(t), 3"6 q(t) = (p * g)(t), 
where 
1 p6(1) = ~ exp -~-  
is the one-dimensional Ganssian kernel of radius 6 > 0. The mollifier P6 is always positive and 
falls to nearly zero outside the interval centered at the origin and radius 35 and 
£ (P6 * f )  = P6 (r) f ( t  - r) dr 
oo  
is the one-dimensional convolution of the functions P6 and f.  
We notice that 3"6 f(t)  is a C °o (infinitely differentiable) function and the mollifier has total 
integral 1. 
Mollifying system (1), we obtain the following associated problem: Attempt o find 3"6 if(t) = 
3"6 u(O,t) and 3"6 q~(t) = -3"6 u=(0,t) at some point I of interest and for some radius ~ > 0, given 
that 3"6 u(z,t) satisfies 
(,7"6 u), = (J6 u )=,  
3"6 u(1,1) = 3"6 F'(t) ,  
- 3"6 u=(1,t) = 3"6 Q'(t), 
3"6 u(x, 0) = ,76/~(x), 
3"6 u(O, 1) = 3"6 f ' ( t ) ,  
- 3"6 u~(O,t) = 3"6 q'(t), 
t>0,  0<z<l ,  
t>0,  
t>0,  
0 < z < 1, unknown, 
I > 0, unknown, 
I > 0, unknown. 
(2) 
This problem and its solutions atisfy the following theorem. 
THEOREM 1. Suppose that 
HF - Fell <_ ~ and IIQ- Q'II -< e. 
Then 
(i) Problem (2) is a formally stable problem with respect to perturbations in the data. 
(ii) I f  the exact boundary temperature function f(t)  and the exact heat flux function q(t) have 
uniformly bounded first order derivatives on the bounded domain D = [0, T], then ,76 f~ 
and ,76 q~ verify 
]if - Y6 fellD < 0(6) + 3eexp(26-2/a), (3) 
and 
e (1 + 3 exp(6-2/3)) D. [[q - 3.6 q~llD <_ 0(6) + (4) 
The proof of this statement can be found in [1]. 
Once the mollified temperature and mollified heat flux functions have been evaluated at the 
active surface, it is feasible to attempt o identify the heat transfer function t~(t) in formula (lf). 
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3.1. Identification of the Boundary Coefficient a 
Assuming that the radiation law and the source function at the active surface ate known, 
according to (lf), the exact transient heat transfer coefficient is given by 
,,(t) = - .=(0 . t )  + g(t) 
E(u(0,t)) ' t > 0. (5) 
The approximate transient heat transfer coefficient, denoted by as,~(t), is defined as 
~6.,(t) = & q'(t) + g(t) t > 0. (6) 
E(•  ft(t))  ' 
The error estimate is summarized in the following theorem. 
THEOREM 2. Under the conditions of Theorem 1, if E(f(t)) > A > O, E(ff6 if(t)) > A > 0 and 
E has Lipschitz constant L, then 
Ila - a6,,[ID < C{0(6) + 3 ¢exp(6-2/3)}, (7) 
where C-  C()~,L, IIJ6 f'llco.D II& q'll:c,D, Ilgll~,D, IlEIIoo,v), with Ilfll~,D = sup If(t)l. 
0<t<T 
PROOF. For 0 < t < T, consider 
q(t)+_g__(t) j6qe(t)+g(t) 2 
I ,~(t)- -6,t(t) l  2 = ECfCt)) -E-~s'~(t'~ 
q(t) E(J6 ft(t) ) + g(t) E(Y6 f'(t)) - E(f(t)) J6 q'(t) - g(t) E ( f ( t )  ) 12 
= E(f(t)) E(J6 f'(t)) I 
_< ~ Iq(t) E(J6 f ( t ) )  + g(t) E(J6 It(t))  - E(f(t)) 3"s q'(t) - g(t) E(f(t))[ 2 
-< ~4 {[E(ff6 It(t))[ Ig(t) - 3"6 q'(t)[ + [if6 q'(t)[ [S(f(t)) - E(,76 f'(t))[ 
+ Ig(t)l IE(f(t)) - E(& f ' ( t) l} 2, 
_< ~ {M1 Ig(t) - & q'(t)l + 13 q'(t)l + (M2 + Ma)L If(t) - ffs f ' ( t) l} 2, 
where Mx - IIEII~,~, M2 - IIJ6 q' l l~,o and Ms - IIg(t)llD,oo. With M = max(M1, [M2+M3]L), 
the last inequality implies 
M 2 
la(t) - as,,(t)l u <_ ~ {Ig(t) - Js q'(t)l + If(t) - J6 f ' ( t) l} 2 
M 2 
< -~-  {2 max(Ig(t) - ,76 qt(t)l, If(t) - J6 f ' (t) l )} 2 
< ~4 ~ {Ig(t) - Js qt(t)12 + If(t) - ffs f'(t)12}. 
Integrating over D and using the estimates of Theorem 1, we have 
Ila - a6,,11~ _< ~4 2 {0(6) + 3, exp(6)-2/a)} 2. 
Finally, setting C = (2M)/~ 2 and taking square roots in the above inequality, we obtain the 
error estimate (7). 
This shows that the identification of the boundary heat transfer function a is stable with 
respect o errors in the data functions F and Q, for fixed 6 > 0. 
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REMARK.  The radius of mollification, 5, can be selected automatically as a function of the level 
of noise in the data. In fact, for a given • > 0, there is a unique 6 > 0, such that 
IIJ6 F - F ' l l o  = e. (8) 
From a more theoretical point of view, inequality (7) can be used to show the convergence 
of as: to a in the L2 norm. Setting O(6) = K6  for some constant K > 0, and choosing 
6 = [In(1/e)I/2] -s/2, after replacing these quantities in (7), we obtain 
< 2M {K( ln (1 )  xl~)-s/~+ 3el/21. 
I l a -  ~,,,11o _ -~-  
This last inequality implies that, for the special selection of the radius of mollification indicated 
above, I la - a,, , l lz ,  - "  0 as e - *  0. 
The computational details are presented in the next section. 
4. NUMERICAL  PROCEDURE 
@v With v - ,76u and z - -T~, system (2) is equivalent o 
cgv cgz 
- -  t>0,  0<z<l ,  
Ot Ox' 
Oz 
z =-o---~, t > O, O< z < l, 
v(1,t) = ,7, F '(t) ,  t > 0, 
z(1, t) = ,7, O'(t), t > 0, 
v(z, 0) = 3",/~(z), 0 < z < 1, unknown, 
v(0, t) = ,76 i f (t) ,  t > 0, unknown, 
z(0,t) = `76 q'(t), t > 0, unknown. 
(9) 
Without loss of generality, we will seek to reconstruct the unknown mollified boundary tem- 
perature function ,76 i f ,  and the mollified boundary heat flux function ,76 q~ in the unit interval 
It = [0, 1] of the time axis (z = O) and the mollified initial temperature function/~(z) in the unit 
interval Iz = [0, 1] of the space axis (t = 0). 
Consider a uniform grid in the (x, t) space: 
z i= ih ,  tn=nk,  i=0 ,1 , . . . ,N ,  Nh=l ;  n=0,1 , . . . ,M ,  Mk=L,  
where L depends on h and k in a way to be specified later, L > 1. Let the grid functions V and 
W be defined by 
l/i n = v(zi,tn), Wi = z(zi,tn), O < i < N, O < n < M. 
Notice that 
V~ = J ,  F'(tn) and W~ = ,7", Qe(t), 0 < n < M. 
We approximate the partial differential equation in system (9) with the consistent finite difference 
schemes 
w;"..1 = ~"  - h (V:+i  _ V?_I), 
Vin_l = Vin - h Wi_l, i=N,N-1  . . . . .  1; n=M-1 ,  M-2 , . . . ,2 ,1 ,  
(10) 
obtaining a local truncation error that behaves as O(h2+k 2) for the discrete mollified temperature 
and O(h + k 2) for the discrete mollified heat flux as h, k --~ O. 
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Notice that, as we march backward in the x-direction, we must drop the estimation of the 
interior temperature from the highest previous point in time. Since we want to evaluate {V0 n} 
and {W~} at the grid points of the unit time interval h = [0, 1] after N iterations, the minimum 
initial length L of the data sample interval in the time axis (x = 1) needs to satisfy the condition 
L = kM = 1 -  k + k/h. 
Since in practice only a discrete set of points is generally available, we shall assume that 
the data functions F ~ and Q~ are discrete functions measured at equally spaced sample points 
tj = jk,  j = 0,1 , . . . ,M  in IL = [0,L]. In order to compute the discrete mollified functions 
3"6 F~(tj) and 3"6 Q~(tj), we need to extend the data functions in such a way that 3"6 F '  and 
ff6Q ~ decay smothly to zero in IL,6.,x = [-36max,L + 3~max], k _< 3~max <_ 0.1 and both are 
zero on R - IL,6,,x. In what follows, we consider the extended iscrete data functions F ~ and 
G e defined at equally spaced sample points on any data time interval of interest. The selection 
of the radius of mollification is implemented by solving the discrete version of equation (8) using 
the bisection method. 
The space marching technique discussed here requires the replacement ofthe discrete temper- 
ature and heat flux data functions F e and G ~ at z = 1 by their filtered--and suitable xtended-- 
discrete mollified version 3"6 F ~ and 3"6 Q~, respectively. In most cases, the "compatibility" con- 
dition fi(1) = 3"6 F'(0) will be lost in the process, even if the initial temperature is unknown 
and/or replaced by 3"6 f~(x) after mollifying the initial condition function in the x-direction. As 
we march backward in space, the initial discrepancy might propagate, generating a '"ooundary 
layer" effect hat influences the initial values of the computed solutions 3"6 F '  and 3.6 Q~ on the 
time interval It = [0, 1], at the active interface x = 0. 
It is possible, however, to attempt to control this situation in a practical manner by replacing-- 
after each step--the unknown mollified initial temperature 3.6 ~(ih) = V~ °, i = N ,N  - 1,. . .  ,0, 
by the linear extrapolation value obtained from the already calculated quantities V/1 and Vi z, 
introducing an extra local error of order O(k) in the sequel. See [2] for further discussions. The 
unknown approximate initial temperature distribution is calculated irectly using the formula 
V/°=2Vi l -Vi  z, i=N,N-1 , . . . ,O .  
Once the radii of mollification 6F and 60, associated with the data functions F ~ and Q~, respec- 
tively, and the discrete filtered data functions 3"6 F~(tn) = V~ and 3"6 Q~(tn) = W~, 0 < n < M, 
are determined, we apply the finite difference algorithm (10)--modified at the "boundary" as 
explained above marching backward in the x-direction with 6 = max(~fF, 60). 
REMARK. For the proof of the unconditional stability of the finite difference scheme (10) and 
the analysis of the convergence of the numerical solution of the mollified problem (8)--for the 
IHCP--the reader should consult [1]. 
5. NUMERICAL RESULTS 
In order to test the accuracy and the stability properties of the method for the numerical 
aproximation ofthe transient boundary coefficient function a6.~, three broadly different examples 
are investigated. 
EXAMPLE 1. In Example 1, the one-dimensional finite slab is exposed to a temperature data 
function at the free surface x = 1, u(1,t) = F(t) = 0, and an exact heat flux given by 
• { - [1  + 2 exp( t - t > 0.2, 
-u=(1,t) Q(t )=.O,  0<t<0.2 .  
The exact initial temperature distribution is]~(x) = u(x, 0) = 0. The exact boundary coefficient 
to be approximately reconstructed at the interface x = 0 has equation 
-u~(0,t) + g(t) 
a(t) = E(u(O,t)) ' 
where 
E(u(O, t)) = 1 + [u(0, t)] 2, 
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and 
10+t ,  t>0,  
g(t )  = 
O, t<O.  
The exact heat flux and temperature solution functions at the interface z = 0 are given respec- 
tively by 
I - [1 + 2~'~.~=1(-1) n exp( -n  2 ,r2(t - 0.2))], t > 0.2, -u , , (o , t )  = q(t)  = o, o < t < 0.2, 
and 
1, t > 0.2, 
u(0.t) = 
0, 0 <t  < 0.2. 
In this example, at time t = 0.2, the temperature solution has a unit jump discontinuity and 
the corresponding heat flux solution behaves impulsively. This singular behavior is inherited by 
the boundary coefficient function making its computation more difficult. It also should be noted 
that the exact mollified solutions 3"6 if(t) and ,76 qe(t) will "anticipate" the time discontinuities 
through the averaging procedure without difficulties because the input location of the singularity, 
t = 0.2, is "sufficiently away" from the starting time t = 0. In this example, we use h = Az  = 0.01 
and k = At = 0.01. Thus, N = 100, L = 1.99, M = 200, 8m~x = 0.1 and Is,,. = [-0.3, 2.29]. 
The noisy data is obtained by adding a random error to the exact data at every grid point tn in 
I6m.,, : 
F ' ( t . )  = F(t.) + e.,1, 
Q'(tn) = Q(tn) + e.,~, 
(11) 
(12) 
where en, 1 and en,2 are Gaussian variables of variance a 2 = e z. If the discretized computed 
transient boundary coefficient component is denoted by a~, c and the true component is a n = 
a(tn), we use the sample root mean square norm to measure the error in the discretized interval 
I = [0, 1]. The relative error of the solution is then given by 
[I~ - ~6,,HI 
ll~l[l 
r 1 , - ,M-N, .  ~L)211/2 
= t~ '~z""=l  (% - (13) 
1 ,¢"~M-N/ n~2] I/2 
:~.v]_ . , . fx  t a ) J 
EXAMPLE 2. In this example, we attempt o approximately reconstruct the transient boundary 
coefficient a(t) for the one-dimensional slab initially at temperature 
u(x,O) = 1 + cosz + sinx, O<z<l ,  
and with data temperature function at the free surface x = 1 given by 
u(1,t) = F(t) = 1 + exp(-t)(cos 1 + sin 1), t > 0, 
and a heat flux data function 
-u~(1, t )  = Q(t) = - exp(-t) (cos 1 - sin 1), t > O. 
The exact temperature solution for this problem is 
u(z , t )= l+e- t (cosz+s inx) ,  0<z<l ,  t>0.  
The exact temperature" solution at the interface z = 0 is 
u(O, t )  - f ( t )  - 1 + exp( -O ,  t > 0, 
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and the corresponding heat flux at the interface z -- 0 is 
= q( t )  = - exp( - t ) ,  t > o. 
Setting E(u(O,t)) = [u(0,t)] 4, and g(t) = t[u(O,t)]4+ q(t), we generate the exact boundary 
coefficient function a = t ~. The algorithm was aplied to the approximate solution of Example 2 
with h = Ax  = 0.01 and k = At = 0.01. Thus, N = 100, L = 1.99 and M = 200. The radius 
of mollification was chosen as 8 = 6max = 8At, to ensure a bit more filtering than the value 
6At predicted by the solution of the discrete version of equation (8) for e = 0.005. Accordingly, 
I~,,~ = [-0.24, 2.23]. The noisy data was obtained as described previously by equations (11) 
and (12) for Example 1. 
EXAMPLE 3. In Example 3, we attempt to approximately reconstruct a transient boundary 
coefficient a(t) in a one-dimensional slab subject to a nonlinear diffusion process. The IHCP is 
described as follows: 
1 
U t "-- ~ U Uxx,  
u(1, t) = F(t)  = 4exp(t), 
- u~ (1, t) = O(t) -- -3  exp(t), 
u(x, O) = x 2 + z + 2, 
- ux(O,t) = q(t) = a(t) E(u(O,t)) + g(t), 
O<z<l ,  O<t<l ,  
O<t<l ,  
O<t<l ,  
0 < x < 1, unknown, 
0 < t < 1, unknown. 
(14) 
The unique temperature solution of the direct problem in Example 3 is given by 
u (z , t )=exp( t ) ( z  2+z+2) ,  O<z< 1, O<t<l ,  
with u(O,t) = 2exp(t), 0 < t < 1 , -u r (O , t )  = -exp( t ) ,  0 < t < 1 and u(z,0) = x2 +z+2,  
0<z<l .  If we set 
E(u(O, t) = u(O, t) 
and 
g(t)=(O, O<t<½,1<t<l, exp(t), 
we have 
½, 0<t<½, 
a(t)= 1, I12<t<1.  
To numerically solve Example 3, in order to approximate the nonlinear partial differential equa- 
tion, we rewrite the first equation in the finite difference scheme (10) as 
h exp(/k) (V?+I - V" - I )  
WL1 = W? - 
Table 1 shows the results of the numerical experiments associated with Examples 1, 2 and 3, 
when attempting to identify the transient boundary coefficients at the active surface x = 0. 
In all cases, the numerical stability of the method with respect o perturbations in the data is 
confirmed. The uniformly larger error norms in Example 1 are expected since the exact coefficient 
solution as well as the heat flux solution have a singularity at time t = 0.2. The qualitative 
behavior of the reconstructed coefficient function for Example 1 is illustrated in Figure 1, where 
the numerical solution for an average perturbation e = 0.005 and radius of mollification 6 -- 0.06 
is plotted. Figures 2 and 3 show the computed boundary coefficient functions for Examples 2 
and 3, respectively for the noise level e = 0.005 and radius of mollification 6 = 0.08. 
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Table 1. Error norms as functions of the level of noise. 
]~.ITor Sor l l~  
Example 1 Example 2 Example 3 
8 ---- 0.06 /~ -- 0.08 /~ = 0.08 
0.0900 0.0152 0.0070 
0.0896 0.0149 0.0062 
0.0890 0.0195 0.0060 
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Figure 1. Reconstructed boundary coefficient function. Example 1, c -- 0.005, 
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6. CONCLUSIONS 
An explicit and unconditionally stable space marching finite difference scheme for the solution 
of the one-dimensional transient inverse heat conduction problem has been implemented for the 
numerical identification of boundary transient heat transfer coefficients in the nonlinear boundary 
value problem for the heat equation. The computational procedure is applied to three examples 
involving functions with different characteristics. In Examples 1 and 2, the boundary functions 
to be identified have discontinuous histories and in one case an infinite jump. For examples 2 
and 3, both with nonhomogeneous initial conditions, the basic algorithm is succesfully modified 
in the space marching scheme by performing a Hnear "extrapolation at the boundary" to evaluate 
the unknown initial temperature. In all cases, including the nonlinear Example 3, the algorithm 
restores stability with respect to the data, which is essential for the introduction of the inverse 
problem approach. 
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110 

















I , I u I u I u u U I u u u I g u I I I 
e .m e .m o.~ 1 .~ 
TLmo va luoo  
F igure  3. Reconst ructed  boundary  coefficient funct ion.  Example  3, e = 0.005, 
6 = 0.08, A t  = 0.01. Computed:  ( ...... ); Exact:  ( ). 
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